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Abstract. Experiments on elastomers have shown that triaxial tension can induce a mate-

rial to exhibit holes that were not previously evident. Analytic work in nonlinear elasticity has

established that such cavity formation may indeed be an elastic phenomenon: sufficiently-large

prescribed boundary deformations yield a hole-creating deformation as the energy minimizer

whenever the elastic energy is of slow growth. One of the many unanswered problems is where

such holes will form. In this paper we suggest a new method, which is based upon asymptotics

and linear elasticity, that can be used to determine the optimal location for hole creation. Using

this method we show that, under reasonable hypotheses, the centre is (locally) the best position

for a solitary hole to form in an elastic ball.

1. Introduction

Let Ω ⊂ Rn, n ≥ 2, be the bounded, simply connected domain occupied by a nonlinearly

elastic body in its reference configuration. A deformation of the body is an injective (almost

everywhere) mapping u : Ω → Rn that is contained in the Sobolev space W 1,1(Ω;Rn). If

the material is homogeneous and hyperelastic and there are no body forces then the total

energy stored in a body that undergoes such a deformation is given by

E(u) =

∫

Ω
W (∇u(x)) dx, (1.1)

where W : Mn×n
+ → R is the stored energy function and Mn×n

+ denotes the set of real n×n
matrices with positive determinant.

A simple example of the stored energy functions to which the analysis of this paper

applies is given by the class

W (F) = k||F||p + h(det F) for all F ∈Mn×n
+ , (1.2)
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where k > 0, p ∈ [1, n) and h : R+ → R+ is C2, strictly convex, and satisfies h(δ) → ∞ as

δ → 0+ and h(δ)/δ →∞ as δ →∞. Here, and in what follows, det F is the determinant of

F while || · || denotes the Euclidean norm on n× n matrices, viz,

||F|| = (F : F)1/2, K : L = tr(KLT ),

where tr(M) denotes the trace of an n × n matrix M. For clarity of exposition we will

assume throughout this introduction that W is of the above form, though we stress that our

approach applies to much more general polyconvex energy functions of slow growth.

The equilibrium equations of nonlinear elasticity are the Euler-Lagrange equations for

E. These can take a number of forms depending on the variations taken in the energy

functional E. We list three forms of particular relevance in this paper. The first form is

(Divx S(∇u(x)))i =
∂

∂xα

[
∂W

∂F iα
(∇u(x))

]
= 0 for i = 1, 2, .., n, (1.3)

and x ∈ Ω, where we use the convention of summation over repeated indices. The tensor

S = ∂W/∂F is called the Piola-Kirchhoff stress tensor. A second form of the equilibrium

equations of elasticity is

(Divy T)i =
∂

∂yα
[Tiα] = 0 in u(Ω), (1.4)

where

T(y) =
∂W

∂F
(∇u(x))[∇u(x)]T(det∇u(x))−1

is called the Cauchy stress tensor and x = u−1(y). A third form of the equilibrium equations

is given by

Divx

[
W (∇u(x))I− (∇u(x))T

∂W

∂F
(∇u(x))

]
= 0, (1.5)

which in component form is

∂

∂xα

[
W (∇u(x))δβα −

∂uk

∂xβ
∂W

∂F kα
(∇u(x))

]
= 0, β = 1, 2.., n. (1.6)

The expression in brackets is often referred to as the energy-momentum tensor. (See e.g.

[2], [3], [12], and [13] for further details of the derivations of (1.4)–(1.5).) Here, and in what

follows, I denotes the n× n identity matrix.

In this paper we consider the displacement boundary-value problem in which we

require that the deformations u satisfy the (linear) Dirichlet boundary condition

u(x) = Ax for x ∈ ∂Ω, (1.7)
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where A ∈Mn×n
+ . We note that each of the homogeneous deformations uh defined by

uh(x) ≡ Ax (1.8)

is a solution of (1.3)–(1.5) and satisfies the boundary condition (1.7).

As noted in Ball [1], the existence of discontinuous weak solutions of (1.3) with finite

energy depends on the growth of the stored energy function W at infinity. In particular, if

p > n in (1.2) then any deformation with finite energy is inW 1,p(Ω;Rn) and hence continuous

by the Sobolev embedding theorem. In an innovative paper [1], Ball considers Ω = B (the

unit ball in Rn), A = λI, λ > 0, and deformations that are radial, i.e. those of the form

u(x) = r(|x|) x

|x| for x ∈ B, (1.9)

where r : [0, 1] → [0,∞). In this case he proves that for each λ > 0 there exists a unique

minimiser u(r) of the energy functional E among radial deformations in W 1,p(Ω;Rn) satisfy-

ing u(x) = λx for x ∈ ∂B. Moreover, there exists a critical value λcrit > 0 with the property

that

(i) If λ ≤ λcrit the unique radial minimiser u(r) is the homogeneous map uh(x) ≡ λx.

(ii) If λ > λcrit the unique radial minimiser u(r) corresponds to a map of the form (1.9)

satisfying r(0) > 0.

Thus for λ > λcrit the deformation u(r) is discontinuous and produces a hole of radius r(0)

at the centre of the ball (this is the phenomenon of cavitation).

Remark. An intuitive idea as to why cavitation occurs for the energy functional in question

(i.e. (1.1), (1.2)) is given by the following observation. The total energy of a deformation u

consists of the sum of two parts:
∫

B
k||∇u||pdx (1.10)

and
∫

B

h(det∇u) dx. (1.11)

The first functional (1.10) is convex, and hence by Jensen’s inequality is minimised, for the

Dirichlet problem, by the homogeneous deformation uh given by (1.8) with A = λI, for any

value of λ. If λ ≥ d1/n
0 , the second functional (1.11) is minimised by choosing

ũ(x) = [d0|x|n + (λn − d0)]
1
n

x

|x| ,
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where d0 is the unique scalar satisfying h(d0) = inf h. This follows from observing that this

discontinuous radial mapping ũ of B satisfies det∇ũ(x) = d0 almost everywhere. Moreover,

ũ ∈ W 1,p(B;Rn) for 1 ≤ p < n.

The discontinuous radial minimisers u(r) exhibits a combination of the properties of the

two maps uh and ũ above. In particular, det∇u(r)(x)→ d0 as |x| → 0+ (see Section 7.5 of

[1]).

The similarity of u(r) with uh is highlighted in the next result taken from [14].

Proposition 1.1. For each λ > 0 let u(r)(x, λ) denote the radial minimiser of E that sat-

isfies u(r)(x, λ) = λx for x ∈ ∂B and let uhcrit be the homogeneous map uhcrit(x) ≡ λcritx.

Then for each δ ∈ (0, 1)

u(r)(·, λ)→ uhcrit in C
2(B\Bδ(x0)) as λ→ λcrit.

There has been much work following Ball’s original work on the radial cavitation problem

(see for example the references in the review article by Horgan and Polignone [6]). The first

existence theorem in a class of deformations which allows cavitation to occur without the

assumption of radial symmetry of the admissible deformations was given by Müller and

Spector [12]: their approach was to add a surface energy term to (1.1) which penalised

the formation of cavities and involved key ideas from geometric measure theory and fine

properties of functions.

Adapting ideas from [12], the work in [13] demonstrates that (if n−1 < p < n) given any

point x0 ∈ B there exist minimisers, and hence weak equilibrium solutions, which produce

a cavity at x0, provided λ is sufficiently large (in particular for λ > λcrit). An elementary,

though striking feature of problems where radial symmetry is not assumed is contained in

the following lemma which demonstrates that, if the boundary condition (1.7) is such that

it is energetically favourable to introduce a discontinuity at one point x0 ∈ Ω, then it is

energetically favourable to do so at any point x ∈ Ω.

Lemma 1.2. Let uh be given by (1.8). Suppose that u ∈ W 1,p(Ω;Rn) satisfies (1.7), has a

discontinuity at x0 ∈ Ω, and is such that E(u) < E(uh). Then given any x1 ∈ Ω there exists

ũ ∈ W 1,p(Ω;Rn), which also satisfies (1.7), that has a discontinuity at x1 and is such that

E(ũ) < E(uh).

Proof. First assume, without loss of generality, that x0 = 0. Given x1 ∈ Ω, define

ũ(x) =

{
Ax1 + εu

(
x−x1
ε

)
, if x ∈ x1 + εΩ,

Ax, otherwise.



The Optimal Location of Singularities in Elasticity 5

Then it is easily verified that, for small ε, ũ ∈ W 1,p(Ω;Rn) satisfies (1.7) and

E(ũ)−E(uh) =

∫

x1+εΩ

[
W

(
∇u

(
x− x1

ε

))
−W (A)

]
dx

= εn
∫

Ω

[W (∇u(y))−W (A)] dy = εn[E(u)− E(uh)] < 0,

as claimed.

The main purpose of this paper is to suggest an approach to differentiating between

the possible points of discontinuity and predicting the most energetically favourable point at

which a discontinuity will form. We assume henceforth in this paper that in the boundary

condition (1.7)

A = λI, (1.12)

where λ > 0. To present our approach we make hypotheses on the regularity and asymptotic

behaviour of singular minimisers. The precise form of these hypotheses is given in Section 4.

We next illustrate the main features and consequences of these hypotheses in predicting

the point of discontinuity of an energy minimiser. For x0 ∈ Ω and λ > 0 let u(x,x0, λ)

denote a minimiser of the energy that has a single discontinuity at x0 ∈ Ω and satisfies the

boundary condition

u(x,x0, λ) = λx for x ∈ ∂Ω.

The existence of such minimisers follows from Theorem 4.1 of [13]. Our approach starts

with a divergence identity, originally derived for smooth equilibria, to express the energy of

a discontinuous minimiser

u(·,x0, λ) ∈ C2(Ω\{x0};Rn) ∩ C1(Ω\{x0};Rn)

in the form

nE(u) =

∫

∂Ω
n · (x− x0)W (∇xu) + (u− (∇xu)[x− x0]) · ∂W

∂F
(∇xu)n dS, (1.13)

i.e. the energy of the discontinuous equilibrium is expressible as a boundary integral on the

outer boundary ∂Ω away from the point of discontinuity x0 (see Section 3). Here, and in

what follows, n = n(x) denotes the outward unit normal to the boundary of the region.

We next assume that in the case that x0 = 0 and Ω = B the minimiser u(x,x0, λ)

is the radial minimiser. This hypothesis guarantees, by Lemma 1.2, that, when Ω = B,

λ = λcrit is the infimum of values of λ at which a single cavity will form at any x0 ∈ B.
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A scaling argument then shows that this holds with B replaced by any bounded domain

Ω ⊂ Rn. We also assume that the family of minimisers satisfies the following generalisation

of Proposition 1.1.

Convergence Hypothesis. For each x0 ∈ Ω and δ ∈ (0, 1)

u(·,x0, λ)→ uhcrit(·) in C2(Ω\Bδ(x0)) as λ→ λcrit,

where uhcrit(x) = λcritx. We then write

u(x,x0, λ) = λx + w(x,x0, λ),

uh(x, λ) = λx,
(1.14)

and use (1.13)–(1.14) and the convergence hypothesis to expand the energy difference,

∆E := E(u(·,x0, λ))−E(uh(·, λ))

between the discontinuous and homogeneous maps as a series in (λ− λcrit) to obtain

∆E = −(λ− λcrit)
2 1

2n

∫

∂Ω

n · (x− x0)∇xẇ :C[∇xẇ] dSx + o(|λ− λcrit|2),

where

ẇ(x,x0) =
∂

∂λ
w(x,x0, λ)

∣∣∣∣
λ=λcrit

and C =
∂2W

∂F2
(λcritI) (1.15)

is the elasticity tensor at the (stressed) configuration uhcrit(x) ≡ λcritx.

In order to predict the most energetically favourable point x0 at which to initiate a

discontinuity we maximise the energy difference by maximising the coefficient of −(λ−λcrit)
2

in the above expansion, i.e.

1

2n

∫

∂Ω
n(x) · (x− x0)∇xẇ(x,x0) : C[∇xẇ(x,x0)] dSx , (1.16)

over all choices of x0 ∈ Ω.

We next attempt to evaluate the integral (1.16). To do this we first observe (in

Lemma 5.2) that one consequence of the convergence hypothesis is that ẇ(·,x0) satisfies

the linear system of equations

Divx C[∇xẇ(x,x0)] = 0 for x ∈ Ω\{x0} (1.17)

and the boundary condition

ẇ(x,x0) = 0 for x ∈ ∂Ω, (1.18)
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where C is the elasticity tensor given by (1.15)2.

Thus, in order to evaluate (1.16) it suffices to determine a suitable (singular) solution

of the equations of linear elasticity. In Section 5 we postulate an ansatz for u(x,x0, λ) (see

(5.4)) that enables us to evaluate this integral (1.16) explicitly in Section 6 and hence show

that

∆E = (λ− λcrit)
2κnµ

2(x0) [divx v(x,x0)]|x=x0
+ o(|λ− λcrit|2) ,

where κn > 0 is a constant depending on the dimension n (see Theorem 6.1), µ(x0) is a

constant depending on x0, and v(x,x0) is the unique smooth solution of (1.17) on all of Ω

that satisfies the boundary condition

v(x,x0) = − x− x0

|x− x0|n
for x ∈ ∂Ω.

In Section 7 we treat the case Ω = B, the unit ball in Rn, where we are able to determine

v explicitly as a series and hence evaluate divx v(x,x0)|x=x0 . In this case, by symmetry, it is

clear that µ(x0) = µ̃(|x0|) and from this we deduce, in Proposition 7.5, sufficient conditions

under which the radial minimiser is locally minimising. (i.e conditions under which x0 = 0

yields the greatest energy drop over all choices of x0 in a neighbourhood of 0.)

2. Radial Cavitation

In this section we gather together certain properties of the radial cavitation solutions

found in Ball [1]. Recall that in the radial problem Ω = B, the unit ball in Rn, and A = λI,

λ > 0 in (1.7). We restrict attention to radial deformations u, i.e. deformations of the form

u(x) = r(|x|) x

|x| for x ∈ B, (2.1)

where r : [0, 1]→ [0,∞).

If W is frame indifferent and isotropic then it is well-known that there exists a symmetric

function Φ such that

Φ(v1, v2, ..., vn) = W (F) for all F ∈Mn×n
+ ,

where v1, v2, .., vn are the eigenvalues of (FTF)
1
2 . Solutions u to the equilibrium equations

(1.3) of the form (2.1) correspond to solutions r(R) on (0, 1) of the radial equilibrium equation

d

dR

[
Rn−1Φ,1

]
= (n− 1)Rn−2Φ,2 , (2.2)
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where

Φ,i = Φ,i

(
r′(R),

r(R)

R
, ...,

r(R)

R

)

and Φ,i (v1, v2, ..., vn) denotes differentiation of Φ with respect to its ith-argument (see The-

orem 7.3 of [1]).

For ease of exposition we state the following theorem under the assumption that W is as

in the Example (1.2) in the introduction. However, the theorem is known to hold for much

more general stored energy functions and the interested reader is referred to the available

literature on this (see e.g. [15], [16], [11], [6] and the references therein).

Proposition 2.1. Let W be as in example (1.2) with 1 < p < n. Then for each λ > 0 there

exists a unique radial minimiser u(r)(x, λ) for E that satisfies the Dirichlet data

u(r)(x, λ) = λx for x ∈ ∂B.

Moreover, there exists λcrit > 0 with the property that:

(a) (i) If λ ≤ λcrit then u(r)(x, λ)≡ λx is this radial minimiser.

(ii) If λ > λcrit then the radial minimiser u(r)(x, λ) corresponds to a map of the form

(2.1) that satisfies the radial equilibrium equation on (0, 1), r(0) > 0, and the

natural boundary condition

T (R) :=

(
R

r(R)

)n−1

Φ,1

(
r′(R),

r(R)

R
, ...,

r(R)

R

)
→ 0 as R→ 0+.

(Thus the deformation u(r) produces a hole of radius r(0) at the centre of the

ball. Since T (R) is the radial component of the Cauchy stress, it follows that the

surface of the cavity is stress free.)

(b) For each δ ∈ (0, 1)

u(r)(·, λ)→ uhcrit in C2(B\Bδ(x0)) as λ→ λcrit ,

where uhcrit is the homogeneous map uhcrit(x) ≡ λcritx.

The proof of part (a) follows from Section 7 of [1] and part (b) follows from Proposition 2.1

and Lemma 2.2 of [14].

For later use in this paper we note the following property of u(r)(x, λ).
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Lemma 2.2. The radial minimiser minimiser u(r)(x, λ) satisfies

∂u(r)

∂λ
(x, λ)

∣∣∣∣∣
λ=λcrit

=
x

|x|n for each x ∈ B\{0}, (2.3)

where the derivative is understood as a right-sided derivative.

Proof. First note that (by e.g. Proposition 1.6 of [15]) for each λ > 0, the corresponding

function r(·, λ) in (2.1) can be extended to (0,∞) as a solution of the radial equilibrium

equation (2.2). Consequently, the corresponding deformation u given by (2.1) is a solution

of (1.3) on Rn\{0}.
Next, by Proposition 1.6 in [15] the extended function satisfies r′(R, λ) ↗ λcrit and

r(R,λ)
R ↘ λcrit as R→∞ (r′(R, λ) := ∂r(R, λ)/∂R). Therefore for λ ≥ λcrit

R 7→ (r(R, λ)− λcritR)

is a monotonic decreasing function (since r′(R, λ)− λcrit ≤ 0 for all R) and consequently

φ(R) =
∂r(R, λ)

∂λ

∣∣∣∣
λ=λcrit

= lim
λ→λ+

crit

r(R, λ)− λcritR

λ− λcrit
(2.4)

is a monotonic decreasing function of R.

By standard results for ordinary differential equations, φ satisfies the equation (2.2)

linearised around the solution λcritR, i.e.

d

dR

[
Rn−1Φcrit

11 φ
′]− (n− 1)Rn−3Φcrit

11 φ = 0,

Φcrit
11 := Φ,11 (λcrit, λcrit, .., λcrit), and since r(1, λ) = λ it follows that φ(1) = 1. Here we have

used the fact that Φ is symmetric in to obtain the linearization in this form.

An easy calculation yields

φ(R) = aR+
(1− a)

Rn−1

for some constant a. Since φ is bounded at infinity it follows that a = 0. Hence

φ(R) =
1

Rn−1
for R ∈ [1,∞)

and the lemma now follows from (2.4) and (2.1).

Remark. Note that by (a)(i) of Proposition 2.1, the derivative (2.3) is not equal to the

corresponding left-hand derivative, which is x.
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3. The energy associated with a discontinuous minimiser

Existence

The results of [13] demonstrate in particular, that for a wide class of stored energy

functions with slow growth, there exist singular weak solutions of the equilibrium equations

of elasticity (1.4) or (1.6) that satisfy (1.7) and contain a discontinuity at any prescribed

point x0 ∈ Ω. More precisely, for p ∈ (n− 1, n) and x0 ∈ Ω let

A(x0) =
{
u ∈ W 1,p

loc (Rn;Rn) : u = uh on Rn\Ω, det∇u > 0 a.e.,

u∗ satisfies (INV), Det∇u = (det∇u)Ln + αuδx0

}
, (3.1)

where u∗ denotes the precise representative of u, condition (INV) is the “invertibility”

condition defined in [12], Det∇u denotes the distributional Jacobian of u, Ln denotes n-

dimensional Lebesgue measure, αu ≥ 0 is a scalar depending on the map u, and δx0 denotes

the Dirac distribution with support at x0. Thus A(x0) contains maps u that produce a

cavity of volume αu located at x0 ∈ Ω. (Further details of condition (INV) and the above

notions can be found in [12] and [13].)

The Energy

We next assume that u ∈ C2(Ω\{x0})∩C1(Ω\{x0}) is a solution of (1.3) and derive an

expression for E(u) as a boundary integral on ∂Ω. To do this we first recall the following

identity, due originally to Green [5], and used by Knops and Stuart [8] in their proof of

uniqueness of smooth solutions to the equilibrium equations of elasticity. (The radial version

of this identity was used by Ball in [1] in the study of radial cavitation.)

Lemma 3.1. Let u ∈ C2(Ω;Rn) be a solution of (1.3). Then

divx

[
W (∇u)x +

[
∂W

∂F
(∇u)

]T(
u− (∇u)x

)]
= nW (∇u) (3.2)

for all x ∈ Ω.

Proof. This is a straightforward calculation (see [5] or [8]).

Remark. If we replace x in (3.2) by x− x0, where x0 ∈ Ω, we find that

divx

[
W (∇u)(x− x0) +

[
∂W

∂F
(∇u)

]T(
u− (∇u)[x− x0]

)]
= nW (∇u) (3.3)

for x ∈ Ω. Finally, we observe for later use that the above expression holds with u replaced

by u + c for any constant vector c ∈ Rn.
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In order to treat the case of discontinuous equilibria we now introduce constitutive

hypotheses on the stored energy function W .

Hypotheses on W

Throughout this section we assume that W ∈ C2(Mn×n
+ ) and we will refer to the following

hypotheses on W :

(W1) W is strongly elliptic: i.e. for any F ∈Mn×n
+

∂2W (F)

∂F iα∂F
j
β

aibαajbβ > 0 (3.4)

for all a,b ∈ Rn, a 6= 0 6= b.

(W2) There exists ε > 0 and a constant C such that for any A ∈ Mn×n
+ with ‖A − I‖ < ε

we have
∥∥∥∥FT ∂W

∂F
(FA)

∥∥∥∥ ≤ C[W (F) + 1] for all F ∈Mn×n
+ .

(W3) There exists ε > 0 and a constant C such that for any A ∈ Mn×n
+ with ‖A − I‖ < ε

we have
∥∥∥∥
∂W

∂F
(AF)FT

∥∥∥∥ ≤ C[W (F) + 1] for all F ∈Mn×n
+ .

Remark. Hypotheses (W2) and (W3) have been used to prove that minimisers of E satisfy

the weak forms of the equilibrium equations (1.4) and (1.6) (see [2], [3], [12], [13]).

Lemma 3.2. Let W satisfy (W2) and (W3). Suppose that x0 ∈ Ω and that ũ ∈ C2(Ω\{x0})∩
C1(Ω\{x0}) is a minimiser of E on A(x0). Then

nE(ũ) =

∫

∂Ω
n · (x− x0)W (∇ũ) + (ũ− (∇ũ)[x− x0]) · ∂W

∂F
(∇ũ)n dS, (3.5)

where n denotes the outward unit normal to ∂Ω. Expression (3.5) also holds with ũ replaced

by ũ + c for any constant vector c ∈ Rn.

Proof. The proof of (3.5) will follow from the divergence theorem and (3.3). First note that

ũ satisfies (3.3) on Ω\{x0}. Next, integrate the divergence expression in (3.3) over Ω\Bδ(x0),

where δ > 0 is sufficiently small and Bδ = Bδ(x0). The claim (3.5) will now follow from the

divergence theorem once we demonstrate that
∫

∂Bδn

n · (x− x0)W (∇ũ) + (ũ− (∇ũ)[x− x0]) · ∂W
∂F

(∇ũ)n dS → 0 (3.6)
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for some sequence δn → 0+ as n→∞.

In order to prove (3.6) we split the integral into three terms and treat each separately.

Step 1. First consider

∫

∂Bδ

n · (x− x0)W (∇ũ) dS =

∫

∂Bδ

δ W (∇ũ) dS. (3.7)

Suppose for a contradiction that (3.7) does not tend to zero for any sequence δn → 0+. Then

by the non-negativity of the integrand there exists η > 0 such that

∫

∂Bδ

δ W (∇ũ) dS ≥ η for all δ > 0 and sufficiently small.

Consequently,

∫ δ0

δ=0

∫

∂Bδ

W (∇ũ) dSdδ =

∫

Bδ0

W (∇ũ) dx ≥
∫ δ0

0

η

δ
dδ. (3.8)

Since the right hand side of (3.8) is infinite this contradicts the fact that ũ has finite

energy. Thus (3.7) converges to zero for some sequence δn → 0+ and hence, by the monotone

convergence theorem, for every such sequence.

Step 2. We next consider the term

∫

∂Bδ

((∇ũ)[x− x0]) · ∂W
∂F

(∇ũ)n dS. (3.9)

To see the expression (3.9) converges to zero for any sequence δn → 0+, observe that by

(W2) and Hölder’s inequality

∣∣∣∣
∫

∂Bδ

((∇ũ)[x− x0]) · ∂W
∂F

(∇ũ)n dS

∣∣∣∣ ≤
∫

∂Bδ

δ

∥∥∥∥(∇ũ)T
∂W

∂F
(∇ũ)

∥∥∥∥ dS (3.10)

≤ δ

∫

∂Bδ

C[W (∇ũ) + 1] dS. (3.11)

An exactly analogous argument to that used in the proof of Step 1 now demonstrates that

(3.11) and hence the first integral in (3.10) converges to zero as δ → 0+.

Step 3. Finally we treat the remaining term

∫

∂Bδ

ũ · ∂W
∂F

(∇ũ)n dS. (3.12)
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By (W3) and the proof of Theorem 6.1 in [12] it follows that ũ satisfies

∫

Ω

∂W

∂F
(∇ũ) : [∇v(ũ(x))∇ũ(x)] dx = 0 (3.13)

for any v ∈ C1
0(Rn;Rn) with v = 0 on Rn\uh(Ω). (The proof of this result follows from

considering “outer” variations of the form Φε(ũ) = ũ+εv(ũ), and is a consequence of setting
d
dεE(Φε)

∣∣
ε=0

= 0, since ũ is a minimiser.) Note also that by (W3) it follows that the integral

in (3.13) is in L1(Ω). By the smoothness of ũ on Ω\{x0}, we obtain, for small δ > 0,

∫

Ω\Bδ

∂W

∂F
(∇ũ) : [∇v(ũ)∇ũ] dx =

∫

Ω\Bδ
div

([
∂W

∂F
(∇ũ)

]T
[v(ũ)]

)
dx. (3.14)

Here we have used the fact that ũ satisfies (1.3) : since by Theorem 6.1 in [12] ũ satisfies

(1.6) and hence (1.3) on Ω\{x0}.

Thus by the divergence theorem we find that (3.14) is equal to

∫

∂Bδ

v(ũ) · ∂W
∂F

(∇ũ)n dS. (3.15)

By the dominated convergence theorem (3.14) converges to the left-hand side of (3.13) as

δ → 0+ and hence expression (3.15) converges to zero as δ → 0+.

In order to complete the proof of step 3, we choose ṽ ∈ C1
0(Rn;Rn) that satisfies ṽ = 0

on Rn\uh(Ω) and ũ(y) = y for any y ∈ ũ(Bε0(x0)\ {x0}) where ε0 ∈ (0, 1) is fixed and

sufficiently small so that Bε0 (x0) ⊂ Ω. Then setting v = ṽ in (3.15) we obtain expression

(3.12), which must therefore converge to zero as δ → 0+ as required.

The final claim of the lemma follows upon observing that the energy E(ũ) is invariant

when ũ is replaced by ũ + c for any constant vector c ∈ Rn and noting that ũ + c minimises

E on A(x0) (given by (3.1)) with uh replaced by uh + c.

Remark. We remark that it is a consequence of (3.5) of Lemma 3.2 and the arguments of

[8] that if ũ satisfies the hypotheses of the Lemma, ũ = uh (given by (1.8)), on ∂Ω, and W

is strongly elliptic, then

E(ũ) < E(uh). (3.16)

Hence a discontinuous minimiser ũ has strictly less energy than the corresponding homoge-

neous map uh. (Note that (3.16) holds with < replaced by ≤ trivially since uh ∈ A(x0).)
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4. Families of minimisers with one point of discontinuity

Given x0 ∈ Ω and λ > 0, it follows from Theorem 4.1 of [13] that there exists a minimiser

u(x,x0, λ) of E on A(x0) (given by (3.1), (1.8), (1.12)) that satisfies the boundary condition

u(x,x0, λ) = λx for x ∈ ∂Ω. Throughout this section we make the following hypotheses on

this set of minimisers.

Hypotheses on the minimisers

(M1) For each x0 ∈ Ω and λ > 0 the minimiser u(·,x0, λ) of E on A(x0) (given by (3.1)) is

unique and this family of minimisers satisfies:

(a) For each x0 ∈ Ω and λ > 0

u(·,x0, λ) ∈ C2(Ω\{x0})∩ C1(Ω\{x0}),

u(x,x0, λ) = λx for x ∈ ∂Ω.

(b) For each x0 ∈ Ω

u(·,x0, ·) ∈ C3
(
(Ω\{x0}) × [λcrit,∞)

)
.

(M2) For each x0 ∈ Ω

u(·,x0, λ)→ uhcrit(·) in C2(Ω\Bδ(x0)) as λ→ λcrit

for any, sufficiently small, δ > 0, where

uhcrit(x) := λcritx.

(M3) In the case Ω = B, x0 = 0, the radial minimiser, whose existence is given in Proposi-

tion 2.1, is the unique minimiser of E on A(x0) (given by (3.1)).

Remark. Condition (M1)(a) is a regularity hypothesis on u(x,x0, λ) for fixed x0 and λ.

Condition (M1)(b) is a joint differentiality hypothesis in x and λ. Condition (M2) is the

generalisation to the case x0 6= 0 of the result given in Theorem 2.1(b) for radial minimisers.

Lemma 3.2 applied to each member of our family u(·) = u(·,x0, λ) yields

nE(u) =

∫

∂Ω
n · (x− x0)W (∇xu) + (u + c − (∇xu)[x− x0]) · ∂W

∂F
(∇xu)n dSx. (4.1)
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Next observe that since, for each x0 ∈ Ω and λ > 0,

u(x,x0, λ) = λx for x ∈ ∂Ω,

it follows that

∇x[u(x,x0, λ)− λx] =
∂[u(x,x0, λ)− λx]

∂n
⊗ n(x) for x ∈ ∂Ω, (4.2)

where n(x) is the (outward) unit normal to ∂Ω at x. (See, e.g. [8] for a proof of (4.2).)

Lemma 4.1. Let (M1)–(M3) hold and for each x0 ∈ Ω and λ > 0 let

u(x,x0, λ) = λx + w(x,x0, λ),

uh(x, λ) = λx.
(4.3)

Then, for λ > λcrit the difference in energies between the maps u(·,x0, λ) and uh(·, λ)

∆E := E(u(·,x0, λ))−E(uh(·, λ))

is given by

∆E = −(λ− λcrit)
2 1

2n

∫

∂Ω
n · (x− x0)∇xẇ : C[∇xẇ] dSx + o(|λ− λcrit|2), (4.4)

where

ẇ(x,x0) =
∂

∂λ
w(x,x0, λ)

∣∣∣∣
λ=λcrit

and C =
∂2W

∂F2
(λcritI), (4.5)

is the elasticity tensor at the (stressed) configuration uh(x, λ)≡ λcritx.

Proof. First note that from the definition of w, (4.2) and Hypotheses (M1) and (M2) it

follows that, for each x0 ∈ Ω,

(i) w(x,x0, λ) = 0 for all x ∈ ∂Ω and λ > 0,

(ii) ∇xw(x,x0, λ) =
∂w

∂n
⊗ n, for all x ∈ ∂Ω and λ > 0,

(iii) w(x,x0, λcrit) ≡ 0 for x ∈ Ω\{x0}.

(4.6)

By (4.1) and (4.3)

n∆E =

∫

∂Ω
n · (x− x0) [W (λI +∇xw)−W (λI)] +

(w− (∇xw)[x− x0]) · ∂W
∂F

(λI +∇xw)n +

(c + λx0) ·
[
∂W

∂F
(λI +∇xw)− ∂W

∂F
(λI)

]
n dSx
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and hence, by (4.6)(i) and the choice c = −λx0, we obtain

n∆E =

∫

∂Ω
n · (x− x0) [W (λI +∇xw)−W (λI)]

− ((∇xw)[x− x0]) · ∂W
∂F

(λI +∇xw)n dSx.

(4.7)

Therefore, by (4.6)(ii), Equation (4.7) can be rewritten as

n∆E =

∫

∂Ω
n · (x− x0)

[
W (λI +∇xw)−W (λI)− ∂W

∂F
(λI +∇xw) :

(
∂w

∂n
⊗ n

)]
dS.

(4.8)

In order to finish the proof, for each x0 ∈ Ω and x ∈ Ω\{x0} define

Φ(λ) = W (λI +∇xw)−W (λI)−∇xw :
∂W

∂F
(λI +∇xw).

Then

Φ′(λ) =
∂W

∂F
(λI +∇xw) : (I +∇xw′)−∇xw′ :

∂W

∂F
(λI +∇xw)

− ∂W

∂F
(λI) : I− ∇xw :

∂2W

∂F2
(λI +∇xw)[I +∇xw′]

and hence

Φ′(λ) =

[
∂W

∂F
(λI +∇xw)− ∂W

∂F
(λI)

]
: I−∇xw :

∂2W

∂F2
(λI +∇xw)[I +∇xw′],

where “prime” denotes the derivative with respect to λ. It is clear from (4.6)(iii) that, for

x ∈ Ω\{x0},
Φ(λcrit) = 0, Φ′(λcrit) = 0.

In addition, it is not difficult to see that

Φ′′(λcrit) = −∇xẇ(x,x0) : C[∇xẇ(x,x0)],

where C is given by (4.5)2 and ẇ(x,x0) = w′(x,x0, λcrit). Therefore, for each x0 ∈ Ω and

x ∈ Ω\{x0}

Φ(λ) = −1

2
(λ− λcrit)

2∇xẇ(x,x0) : C[∇xẇ(x,x0)] + o(|λ− λcrit|2).

Finally, from Hypothesis (M2) it follows that w(·,x0, λ)→ 0 in C2(Ω\Bδ(x0)) as λ→
λ+

crit for any sufficiently small δ > 0. Thus, in particular, the above expansion is uniform for

x ∈ ∂Ω. Equation (4.4) now follows from the above expansion, (4.8), and (4.6)(ii).

Remark. It follows from (4.6)(ii) that an alternative form for (4.4) is

∆E =
−(λ− λcrit)

2

2n

∫

∂Ω
n · (x− x0)

[
∂ẇ

∂n
⊗ n

]
:C
[
∂ẇ

∂n
⊗ n

]
dS + o(|λ− λcrit|2).
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5. Asymptotically radial maps

In view of Lemma 4.1 we have an expansion for the energy drop ∆E due to the in-

troduction of a hole at the point x0 ∈ Ω, which to lowest order depends on a boundary

integral that involves ẇ(x,x0). In this section we derive an explicit form for ẇ(x,x0) for

x near ∂Ω, based on the postulate that for each x0 ∈ Ω the family of maps u(x,x0, λ) is

asymptotically radial. Roughly speaking, this postulate asserts that if x0 ∈ Ω is fixed then

for λ arbitrarily close to λcrit and for x close to x0, the map u(x,x0, λ) behaves like one of

the radial cavitation solutions (described in Section 2) centred on x0.

To present the postulate, first recall from Section 2 that u(r)(x, λ) denotes the radial

minimiser that satisfies

u(r)(x, λ) = λx for x ∈ ∂B.

Next note that by [1] or [15], for λ > λcrit, u(r)(·, λ) may be extended as an equilibrium

solution to all of Rn\{0}. Notice also that, for each β > 0,

βu(r)

(
x− x0

β
, λ

)

is a solution of the equilibrium equations (1.3) for x 6= x0, and every radial minimiser in

(a)(ii) of Proposition 2.1 is of this form for some choice of β (see e.g. [1] or part (iv) of

Theorem 1.11 in [15] ). Since u(x,x0, λ) forms a single hole at x0 in the material, it is not

unreasonable to assume that one can decompose such a deformation into a radial cavitating

deformation centred at x0 followed by a deformation that introduces no new hole in the

body, i.e. for x 6= x0

u(x,x0, λ) = f

(
βu(r)

(
x− x0

β
, λ

)
, β, λ,x0

)
(5.1)

for some map f = f(z, β, λ,x0).

We next show that if there exists a smooth map f such that u has the decomposition

(5.1) then u does indeed have the same asymptotics as a radial minimizer. In order to show

this we first set λ = λcrit in (5.1) to obtain

λcritx = f(λcrit(x− x0), β, λcrit,x0)

and hence

λcritI = ∇zf(λcrit(x− x0), β, λcrit,x0)λcritI,
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where ∇zf denotes the gradient of f(z, β, λ,x0) with respect to its first argument. Therefore

I = ∇zf(λcrit(x− x0), β, λcrit,x0). (5.2)

Next differentiate (5.1) with respect to λ and use Proposition 2.1, Lemma 2.2, and (5.2)

to obtain

u̇(x,x0, λcrit) = βn
x− x0

|x− x0|n
+
∂f

∂λ
(λcrit(x− x0), β, λcrit,x0). (5.3)

Whence

u̇(x,x0, λcrit) = µ
x− x0

|x− x0|n
+ r(x,x0, µ) for x 6= x0,

where

r(x,x0, µ) =
∂f

∂λ
(λcrit(x− x0), µ

1
n , λcrit,x0), µ = βn.

Suppose now that, given x0 ∈ Ω, β = β(x0) (and hence µ = µ(x0)) can be chosen so

that r(·,x0, µ) is well-defined and x 7→ r(x,x0, µ) is a smooth function on all of Ω. Then by

(5.1) and (5.3) we have that

u(x,x0, λ) = λcritx + (λ− λcrit)

[
µ(x0)

x− x0

|x− x0|n
+ r(x,x0, µ(x0))

]
+ o(|λ− λcrit|2).

The above derivation motivates our hypothesis concerning the asymptotic behaviour of

our family of minimisers.

Hypothesis (M4). We assume that the family u(·,x0, λ) is asymptotically radial i.e.

that there exist functions µ ∈ C2(Ω) and ṽ : Ω × Ω → Rn, with ṽ(·,x0) ∈ C2(Ω;Rn) ∩
C(Ω;Rn) such that for any compact set S ⊂ Ω, and for (λ− λcrit) > 0, the expansion

u(x,x0, λ) = λcritx + (λ− λcrit)

[
µ(x0)

x− x0

|x− x0|n
+ ṽ(x,x0)

]
+ o(|λ− λcrit|2) (5.4)

holds uniformly for (x,x0) ∈ Ω\Bδ(x0)× S for any δ > 0 and sufficiently small.

Remark 5.1. 1. It is a straightforward consequence of (4.3) and our Hypothesis (M4), on

differentiating (5.4) with respect to λ and setting λ = λcrit, that

ẇ(x,x0) = µ(x0)
x− x0

|x− x0|n
+ ṽ(x,x0)− x. (5.5)

It is this expression that will eventually allow us to compute ẇ(x,x0).

2. Note also that in the case when Ω = B and x0 = 0 it is a consequence of Hypothesis

(M3) and Lemma 2.2 that µ(0) = 1.
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The next two lemmas together demonstrate that, under Hypotheses (M1)–(M4), ṽ(·,x0)

must be a smooth solution of (1.17) throughout Ω and satisfy the boundary condition (1.18).

Lemma 5.2. Let (M1)–(M3) hold. Then for x0 ∈ Ω, the right-sided derivative

ẇ(x,x0) =
∂w

∂λ
(x,x0, λ)

∣∣∣∣
λ=λcrit

satisfies ẇ(·,x0) ∈ C2(Ω\{x0}) ∩ C(Ω\{x0}), the linear system of equations

Divx C[∇xẇ(x,x0)] = 0 (5.6)

for x ∈ Ω\{x0}, and the boundary condition

ẇ(x,x0) = 0 for x ∈ ∂Ω, (5.7)

where C is the elasticity tensor given by (4.5).

Proof. First, note that (5.6) follows from (4.6)(ii) upon differentiation with respect to λ.

To obtain (5.6), for x 6= x0, from Hypotheses (M1) and (M2) we first evaluate (1.3) at

u = u(x,x0, λ), and then differentiate with respect to λ and set λ = λcrit to obtain

0 =
∂

∂λ
Divx

[
∂W

∂F
(λI +∇xw)

]∣∣∣∣
λ=λcrit

and hence

Divx

[
∂2W

∂F2
(λcritI)[I +∇xẇ]

]
= Divx C[∇xẇ] = 0

as required.

Theorem 5.3. Let (M1)–(M4) hold, then ṽ(·,x0) given in (5.5) satisfies the linear equations

(5.6) throughout Ω and the boundary condition

ṽ(x,x0) = x− µ(x0)
x− x0

|x− x0|n
for x ∈ ∂Ω. (5.8)

Proof. First, note that (5.8) follows from (5.5) and (5.7). Thus, the proof of this result will

follow from (5.5) and Lemma 5.2 once we observe that

x− µ(x0)
x− x0

|x− x0|n
(5.9)
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is a solution of (5.6) in Ω\{x0}. To see this first observe that g(x) ≡ x is clearly a solution of

(5.6), hence it remains to consider the second term in (5.9). Next note that by Theorem 9.1

of the Appendix the elasticity tensor satisfies

C[H] = aH + bHT + c(trH)I, (5.10)

where a, b, c are constants.

Define

ζ(x) =

{
1

2−n |x− x0|2−n, if n > 2

log |x− x0|, if n = 2
(5.11)

and note that

∇ζ(x) =
x− x0

|x− x0|n
, ∆ζ(x) = 0 for x 6= x0. (5.12)

Consequently, by (5.10) and (5.12),

DivC[∇2ζ] = (a+ b) Div(∇2ζ) + cDiv((∆ζ)I) = (a+ b)∇(∆ζ) = 0

and therefore the claim of the lemma follows from the definition of ṽ.

For later use we rewrite (5.5) in the form

ẇ(x,x0) = µ(x0)

[
x− x0

|x− x0|n
+ v(x,x0)

]
, (5.13)

where

v(x,x0) =
1

µ(x0)
(ṽ(x,x0)− x). (5.14)

The next result follows from applying the above theorem to our definition of ṽ given by

(5.14)

Corollary 5.4. Let (M1)–(M4) hold. Then v(·,x0) satisfies the linear system of equations

Divx C[∇xv] = 0 for x ∈ Ω, (5.15)

and the boundary condition

v(x,x0) = − x− x0

|x− x0|n
for x ∈ ∂Ω. (5.16)

Proof. This follows from applying the last theorem to our definition of v given by (5.14).

Note in addition, that if our ellipticity hypothesis on the stored energy function (W1) holds

then we have uniqueness of smooth solutions to the Dirichlet boundary value problem for

(5.6) posed on all of Ω.

In the next section we derive a precise form in terms of v for the coefficient of (λ−λcrit)
2

in the expansion of the energy difference ∆E given in Lemma 4.1.
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6. Evaluation of the coefficient of (λ− λcrit)
2 in the expansion of ∆E

In this section we evaluate the coefficient of (λ− λcrit)
2 in the expansion of the energy

difference ∆E as defined in Lemma 4.1. We write ∇ to denote ∇x and first observe that

div (∇ẇ : C[∇ẇ](x− x0)) = n∇ẇ : C[∇ẇ] + (x− x0) ·∇(∇ẇ :C[∇ẇ])

and hence, by Lemma 4.1, Lemma 5.2 and the divergence theorem, it follows that the

coefficient of − 1
2n(λ− λcrit)

2 in the expansion of ∆E is given by

Q(ẇ) =

∫

∂Ω
n · (x− x0)∇ẇ :C[∇ẇ] dS = −

∫

∂Bε

n · (x− x0)∇ẇ : C[∇ẇ] dS

+ n

∫

Ω\Bε
∇ẇ : C[∇ẇ] dx

+

∫

Ω\Bε
(x− x0) ·∇(∇ẇ :C[∇ẇ]) dx,

(6.1)

where Bε = Bε(x0) is the (open) ball of radius ε centred at x0. Next we note that, since W

is C2

Cjkβγ = Ckjγβ = eγ ⊗ ek :C[eβ ⊗ ej ] (6.2)

for any orthonormal basis ei of Rn. Moreover, by Lemma 5.2,

0 = (DivC[∇ẇ])j = Cjkβγẇ
k ,γβ on Ω\{x0}. (6.3)

Now, in view of (6.2), (6.3), and the divergence theorem,
∫

Ω\Bε
∇ẇ : C[∇ẇ] dx =

∫

∂Ω∪∂Bε
ẇ ·C[∇ẇ]n dS (6.4)

and
∫

Ω\Bε
(x− x0) ·∇(∇ẇ :C[∇ẇ]) dx =

∫

Ω\Bε
(xα − xα0 )[ẇj ,β C

jk
βγẇ

k,γ ],α dx

= 2

∫

Ω\Bε
[(xα − xα0 )ẇjC

jk
βγẇ

k,γα ],β dx (6.5)

= 2

∫

∂Ω∪∂Bε
(xα − xα0 )ẇjC

jk
βγ ẇ

k,γα n
βdS.

Hence by (6.1), (6.4), (6.5) and since ẇ vanishes on ∂Ω, it follows that Q(ẇ) is equal to

∫

∂Bε

[
−n · (x− x0)∇ẇ : C[∇ẇ] + nẇ ·C[∇ẇ]n + 2(xα − xα0 )ẇjCjkβγẇ,

k
γα n

β
]
dS. (6.6)
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Theorem 6.1. Let (M1)–(M4) hold. Then the coefficient of (λ−λcrit)
2 in the expansion of

∆E (see (4.4)) is given by

− 1

2n
Q(ẇ) = − 1

2n

∫

∂Ω
n · (x− x0)∇ẇ :C[∇ẇ] dS = µ2κn [divx v(x,x0)]|x=x0

, (6.7)

where v is given by Lemma 5.2, (5.13), (5.14), κn = nωn(a + b + c)/2, the tensor C the

constants a, b, c are related as in Theorem 9.1, and ωn denotes the volume of the unit ball

in Rn.

Proof. Our approach to obtaining (6.7) is to use (5.13), (5.14) and set

ẇ = µ[v +∇ζ] (6.8)

in the right-hand side (6.6) (where ζ is as in (5.11)), expand the quadratic terms in ẇ in

terms of v and ζ and evaluate Q(ẇ) by evaluating the right-hand side of the integral (6.6)

in the limit ε→ 0+. In evaluating the limiting value of this integral it is clear that the terms

which are quadratic in v converge to zero as ε → 0+ by the smoothness of v. Moreover,

the most singular terms in the expansion of the right-hand side of (6.6) are those which are

quadratic in ζ (and its derivatives) and are given by

∫

∂Bε

[
−n · (x− x0)∇2ζ :C[∇2ζ] + n∇ζ ·C[∇2ζ]n + 2(xα − xα0 )ζ,j C

jk
βγζ,kγα n

β
]
dS. (6.9)

The derivatives of ζ for x ∈ ∂Bε(x0) satisfy

∇ζ(x) =
x− x0

|x− x0|n
= O

(
1

εn−1

)
, (6.10)

∇2ζ(x) =
1

|x− x0|n
(

I− n(x− x0)⊗ (x− x0)

|x− x0|2
)

= O

(
1

εn

)
, (6.11)

ζ,αβγ (x) = O

(
1

εn+1

)

as ε→ 0+, where

ζ,αβγ (x) =
−n

|x− x0|n+2

(
δαβ (xγ − xγ0) + δγβ(xα − xα0 ) + δαγ (xβ − xβ0)

− (n+ 2)
(xα − xα0 )(xβ − xβ0 )(xγ − xγ0)

|x− x0|2
)
.

(6.12)
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From these equations it is clear that the singular integral terms in (6.9) are each of order

ε−n and hence their integrals over ∂B(x0) are each of order ε−1 as ε→ 0+. The sum of these

terms contribute nothing to the integral in the limit ε→ 0+ as can be directly verified or by

observing that the original integral (the left-hand side of (6.1)) from which (6.6) (and hence

(6.9)) was obtained is clearly finite and independent of ε.

Thus it remains to use (6.8) and evaluate the quadratic terms in the expansion of the

right-hand side of (6.6) that include both ζ and v. On noting that, for the domain Ω\Bε,
the (outward) pointing normal n on ∂Bε is given by n = − x−x0

|x−x0 | , and the fact that C is

symmetric it follows that the cross terms in question are given by

µ2

∫

∂Bε

2ε∇2ζ : C[∇v]− n
(
v ·C[∇2ζ]n̂ +∇ζ ·C[∇v]n̂

)

− 2(xα − xα0 )[vjCjkβγζ,kγα n̂
β + ζ,j C

jk
βγv,

k
γα n̂

β ] dS,

(6.13)

where

n̂ = −n =
x− x0

|x− x0|
(6.14)

is the outward unit normal to the boundary of the ball Bε(x0).

We next calculate the contributions from each of the five terms listed in (6.13).

Term (I). We first note that by (6.11) and (6.14)

∇2ζ : C[∇v] = |x− x0|−n
[
I :C[∇v]− n

|x− x0|
n̂ · (C[∇v])T(x− x0)

]
,

while the identity div(MTr) = M :∇r+r · Div M and the fact that v satisfies the linearized

elasticity equations (6.3) implies

div
[
(C[∇v])T(x− x0)

]
= I : C[∇v]. (6.15)

Consequently, if we make use of the last two equations and the divergence theorem we find

that

∫

∂Bε

ε∇2ζ : C[∇v] dS =
1

εn−1

[∫

∂Bε

I : C[∇v] dS− n

ε

∫

∂Bε

n̂ · (C[∇v])T(x− x0) dS

]

=
1

εn−1

∫

∂Bε

I : C[∇v] dS− n 1

εn

∫

Bε

I : C[∇v] dS

→ nωn(I : C[∇v(x0,x0)])− nωn(I : C[∇v(x0,x0)]) = 0

as ε→ 0+. (Note that ∇v(x0,x0) = ∇xv(x,x0)|x=x0 .)
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Term (II). Using (6.11), (6.14), Theorem 9.1 of the Appendix, and the divergence theorem

we obtain
∫

∂Bε

v ·C[∇2ζ]n̂ dS =

∫

∂Bε

v ·
(

(a+ b)[∇2ζ]

[
(x− x0)

|x− x0|

])
dS

= (a+ b)(1− n)
1

εn

∫

∂Bε

v · n̂ dS

= (a+ b)(1− n)
1

εn

∫

Bε

div v dx

→ (1− n)(a+ b)ωn div v(x0)

as ε→ 0+, where

div v(x0) = divx v(x,x0)|x=x0
.

Term (III). In view of (6.10), (6.14), (6.15) and the divergence theorem

∫

∂Bε

∇ζ ·C[∇v]n̂dS =
1

εn

∫

∂Bε

n̂ · (C[∇v])T(x− x0) dS

=
1

εn

∫

Bε

I : C[∇v] dx

→ ωnI :C[∇v(x0,x0)]

as ε→ 0+.

Term (IV). By Theorem 9.1 and (5.12)2

Cjkβγζ,kγα = (aζ,jβ +bζ,βj +c(∆ζ)δjβ),α= (a+ b)ζ,jβα

while by (6.12) and (6.14),

(xα − xα0 )ζ,jβα n̂
β =

n(n− 1)

|x− x0|n+1
(xj − xj0) =

n(n− 1)

|x− x0|n
n̂j .

Consequently, if we make use of the last two equations, and (6.14), we conclude that, as in

Term (II),

∫

∂Bε

(xα − xα0 )vj
(
Cjkβγζ,kγα

)
n̂βdS = n(n− 1)(a+ b)

1

εn

∫

∂Bε

v · n̂ dS

→ n(n− 1)(a+ b)ωn div v(x0)

as ε→ 0+.
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Term (V). A straightforward estimate shows that

2

∫

∂Bε

(xα − xα0 )[ζ,j C
jk
βγv

k,γα n̂
β ] dS → 0 as ε→ 0+.

Finally, we note that by Theorem 9.1,

I :C[∇v(x0,x0)] = (a+ b+ nc) div v(x0)

and hence, using (6.13) and our computations for Terms (I)–(V), we conclude that

−
∫

∂Ω
n · (x− x0)∇ẇ : C[∇ẇ] dS = 2µ2n2(a+ b+ c) div v(x0).

Consequently,

1

2n
Q(ẇ) =

1

2
µ2n(a + b+ c) div v(x0),

and (6.7) follows as claimed.

7. An Example

In this section we apply the results we have developed to study the case when Ω = B the

unit ball in R3. In this case we are able to explicitly solve for the function v in Corollary 5.4

and hence evaluate the coefficient (6.7) in the expansion of the energy drop ∆E explicitly

as a series.

Proposition 7.1. Fix x0 ∈ B and consider the linear system of equations

DivC[∇v(x)] = 0 for x ∈ B, (7.1)

where

C[∇v] = a∇v + b(∇v)T + c(tr∇v)I, (7.2)

together with the boundary condition

v(x) = − x− x0

|x− x0|3
for x ∈ ∂B. (7.3)

Choose a rectangular coordinate system (x1, x2, x3) on R3 so that x0 ∈ B satisfies x0 =

(0, 0, |x0|) and define spherical coordinates ρ, φ, and θ by

x1 = ρ(cos θ)(sinφ), x2 = ρ(sin θ)(sinφ), x3 = ρ(cosφ).
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Then the solution of (7.1)–(7.3) is given by

v =

∞∑

k=1

v
(1)
k + (1− ρ2)

∞∑

k=2

v
(2)
k , (7.4)

where

v
(1)
k = ρk|x0|k−1(P ′k(cosφ) cos θ, P ′k(cosφ) sin θ, kPk(cosφ)), (7.5)

Pk denotes the kth-Legendre polynomial, and

v
(2)
k = ρkτk|x0|k−1(0, 0, Pk(cosφ)), τk =

1

2

(2k + 1)(b+ c)

(2a+ b+ c)k− (a+ b+ c)
. (7.6)

Whence

ψ(|x0|) := [divx v(x,x0)]|x=x0
=

∞∑

k=1

k[2(k − 1)τk − (2k + 1)]|x0|2k−2

=

∞∑

k=2

2k(k − 1)τk|x0|2k−2 − 3 + |x0|2
(1− |x0|2)3

.

(7.7)

Remarks. 1. Each of the functions v
(i)
k are solutions of the vector Laplace equation.

2. It is clear from (7.7)1 that ψ < 0.

Proof. Since C is strongly elliptic standard results from elliptic theory yield, for each x0 ∈ B,

the existence of a unique solution v to (7.1)–(7.3) and moreover v(·,x0) ∈ C∞(B;R3).

However, the identity

Div(∇v)T = ∇(div v)

implies that (7.1) and (7.2) are equivalent to

Div L[∇v(x)] = 0 for x ∈ B, (7.8)

where

L[∇v] = a
(
∇v + (∇v)T

)
+

1

2
(b+ c− a)

(
tr(∇v + (∇v)T)

)
I, (7.9)

which are the equations of linear elasticity (at a homogeneous, isotropic, stress-free reference

configuration).
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The series solution (7.4)–(7.6) to (7.3), (7.8), and (7.9) is due to Lord Kelvin (Thom-

son [17]) and can be found, for example, in Sections 181–183 of [9] or Chapter 8 in [10]. The

expression (7.7) follows from (7.4)–(7.6), the identity

3 + |x0|2
(1− |x0|2)3

=

∞∑

k=1

k(2k + 1)|x0|2k−2, (7.10)

and a straightforward calculation.

Example 7.2. In the case b+c = 0, the system (7.1) reduces to the vector Laplace equation

and the corresponding solution v satisfies

[divx v(x,x0)]|x=x0
= − 3 + |x0|2

(1− |x0|2)3
.

Recall from Theorem 6.1 and Lemma 4.1 that the right-hand side of (6.7) is the co-

efficient of (λ − λcrit)
2 in the expansion of the energy drop ∆E. The next result concerns

properties of this coefficient.

Corollary 7.3. Let e be a unit vector. Define

ψ(t) := [divx v(x, te)]|x=te . (7.11)

Then

(i) ψ(0) = −3;

(ii) ψ̇(0) = 0;

(iii) ψ̈(0) = −60a/(3a+ b+ c);

(iv) ψ and all of its derivatives are negative on (0, 1);

(v) ψ(t) ≤ −C(1 − t)−3 on [0, 1) for some constant C > 0.

Here a, b, c are as given in Theorem 9.1, and “dot” denotes differentiation with respect to t.

Proof. Equations (i)–(iii) follow directly from (7.7)1. To prove (iv) we note that, by the

strong ellipticity of C, a > 0 and a+ b+ c > 0, which together with (7.6)2 implies that each

of the terms in the power series (7.7)1 is negative. To obtain property (v), first suppose that

b+ c ≤ 0. Then τk ≤ 0 and hence by (7.7)2

ψ(t) ≤ − 3 + t2

(1− t2)3
,
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which implies (v). If instead b + c > 0 then we first note that the coefficient of |x0|2k−2 in

the power series (7.7)1 is

k(2k + 1)

[
(k − 1)(b+ c)

(2k − 1)a+ (k − 1)(b+ c)
− 1

]
= −k(2k + 1)

a

a+ k−1
2k−1(b+ c)

≤ −k(2k + 1)
a

a+ b+ c

and hence we find, with the aid of (7.10), that

a+ b+ c

a
ψ(t) ≤ −

∞∑

k=1

k(2k + 1)t2k−2 = − 3 + t2

(1− t2)3
,

which once again yields (v).

Remark 7.4. An alternative approach to Corollary 7.3(i)–(iii), which does not require the

explicit solution to (7.1)–(7.3) and which therefore also easily generalizes to n-dimensions,

is available. Let B be the unit ball in Rn, x0 = te, where e is a fixed unit vector, and define

g(x, t) = v(x, te). Then if we let x0 = te in (5.15) we find, upon differentiation with respect

to t that each of the functions g(·, 0), ġ(·, 0) and g̈(·, 0) is a solution of (5.15). In addition,

if we let x0 = te in (5.16) a similar computation shows that the following functions satisfy

the boundary conditions

g(x, 0) = −x, ġ(x, 0) = e− n(x ·e)x,

g̈(x, 0) = 2n(x ·e)e + nx− n(n+ 2)(x ·e)2x

}
for x ∈ ∂B.

A straightforward (though tedious) computation shows that the (unique) solutions of (5.15)

that satisfy these boundary conditions are:

g(x, 0) = −x, ġ(x, 0) = e− n(x ·e)x +
ξ1

2
(|x|2 − 1)e,

g̈(x, 0) = 2n(x ·e)e + nx− n(n + 2)(x ·e)2x +
ξ2

2
(|x|2− 1)(x ·e)e +

ξ3

2
(|x|2− 1)x,

where

ξ1 =
n[2a+ (n+ 1)(b+ c)]

an+ b+ c
, ξ2 =

2n(n+ 2)[2a+ (n+ 2)(b+ c)]

a(n+ 2) + 2(b+ c)
, ξ3 =

2na− (b+ c)ξ2

(n+ 2)(a+ b+ c)
.

Consequently, when B is the unit ball in Rn the function ψ in Corollary 7.3 satisfies

ψ(0) = −n, ψ̇(0) = 0, ψ̈(0) = −2n(n+ 2)(n− 1)a

an+ b+ c
.
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Now, if (M1)-(M4) hold, then by Theorem 6.1 and Lemma 4.1 it follows that

∆E = (λ− λcrit)
2κ3µ(|x0|)2 [divx v(x,x0)]|x=x0

+ o(|λ− λcrit|2),

where we have used the symmetry of the domain B and the boundary condition to write

µ(x0) = µ(|x0|) in the expansion (5.4). If we set x0 = te and ψ(t) = [divx v(x, te)]|x=te and

make use of (7.11) we obtain

∆E = (λ− λcrit)
2κ3µ(t)2ψ(t) + o(|λ− λcrit|2). (7.12)

From the results of this section we are able to use (7.12) to prove the following local

stability result that the energetically optimal location for a hole to form near the centre of

the ball B is at the centre.

Proposition 7.5. Suppose that (M1)–(M4) hold and suppose further that µ(t) satisfies ei-

ther

(i) µ̇(0) < 0 or

(ii) µ̇(0) = 0 and µ̈(0) < −10a/(3a+ b+ c).

Then the energy drop ∆E in Lemma 4.1 has a relative maximum at the origin.

Proof. The proof of this result follows in a straightforward manner from (7.12) on calculating

the derivatives of Ψ(t) = µ2(t)ψ(t) to obtain

(1) Ψ(0) = µ2(0)φ(0) = −3,

(2) Ψ̇(0) = 2µ(0)µ̇(0)ψ(0) + µ2(0)ψ̇(0) = −6µ̇(0),

where we have used Proposition 7.3. Similarly,

(3) Ψ̈(0) = −6[µ̇2(0) + µ̈(0)]− 60a/(3a+ b+ c).

The claim of the proposition now follows from (1)–(3) on observing that a sufficient condition

for Ψ to have a (negative) local minimum at t = 0 is that either Ψ̇(0) > 0 or Ψ̇(0) = 0 and

Ψ̈(0) > 0. (We have also used the observation in Remark 5.1.2 that µ(0) = 1.)
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8. Concluding Remarks and Results

The results in this paper are we feel a first step towards unifying recent studies in

nonlinear variational problems on the existence of discontinuous minimisers with classical

engineering approaches to modelling fracture using linear fracture mechanics. The main

difficulty in applying the approach to finding initiation points for discontinuities is that the

function µ(x0) is not explicitly known.

At present the only information we have obtained concerning µ(x0) is the following

preliminary estimate, which is a consequence of the scaling property of homogeneous elastic

materials.

Proposition 8.1. Let B be the unit ball in R3, x0 ∈ B, and set x0 = te, where e is a unit

vector. Suppose that Hypotheses (M1)–(M4) are satisfied. Define

Ψ(t) := µ(t)2ψ(t), (8.1)

where ψ is given by (7.7) and µ(t) = µ(te) is independent of e by the symmetry of the

domain B. Then

t 7→ Ψ(t)

(1 + t)3
is monotone increasing on [0, 1), (8.2)

t 7→ Ψ(t)

(1− t)3
is monotone decreasing on [0, 1). (8.3)

Consequently,

3(1− t)3

−ψ(t)
≤ [µ(t)]2 ≤ 3(1 + t)3

−ψ(t)
(8.4)

and hence, in particular,

µ(t) = O(|1− t|3/2) as t→ 1−. (8.5)

Proof. We first observe that (8.4) follows from (8.2) and (8.3) since, as noted in Remark 5.1.2,

µ(0) = 1 and hence, by Corollary 7.3(i), Ψ(0) = µ(0)2ψ(0) = −3. Also, (8.5) follows directly

from (8.4) and Corollary 7.3(v).

In order to obtain (8.2) and (8.3) we let x0 = te ∈ B ⊂ R3, where e is a unit vector.

For σ ∈ [0, 1) and λ > λcrit let uσ(x, λ) denote the (unique) global minimiser of E in A(σe)

that satisfies uσ(x, λ) ≡ uh(x, λ) := λx on ∂B. Then in view of (7.7), (8.1), Lemma 4.1,

and Theorem 6.1

E(uσ(·, λ))−E(uh(·, λ)) = Ψ(σ)κ3(λ− λcrit)
2 + o(|λ− λcrit|2), (8.6)
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where κ3 = 3
2ω3(a+ b+ c) > 0, in view of the strong ellipticity of C.

For s ∈ [t, 1) consider the rescaled deformations

u(x, s, λ) :=

{
t+1
s+1us(

s+1
t+1x + s−t

t+1e, λ)− s−t
s+1e, if |x + λ s−ts+1e| ≤ t+1

s+1 ,

λx, otherwise.

Clearly, u(·, s, λ) ∈ A(te). Moreover, the change of variables

z :=
s+ 1

t + 1
x +

s − t
t+ 1

e

yields

∫

B
[W (∇xu(x, s, λ))−W (λI)] dx =

∫

B(− s−t
s+1

e, t+1
s+1

)
[W (∇xu(x, s, λ))−W (λI)] dx

=
(t+ 1)3

(s+ 1)3

∫

B
[W (∇zus(z, λ))−W (λI)] dz

and hence, in view of (8.6) with σ = s,

E(u(·, s, λ))− E(uh(·, λ)) =
(t + 1)3

(s+ 1)3
Ψ(s)κ3(λ− λcrit)

2 + o(|λ− λcrit|2). (8.7)

Now, by hypothesis, for every λ > λcrit, ut is the minimizer of E in A(te). Consequently,

E(ut(·, λ))−E(uh(·, λ))≤ E(u(·, s, λ))− E(uh(·, λ)) (8.8)

for any s ∈ [t, 1). Therefore, by (8.6) with σ = t, (8.7), and (8.8)

Ψ(t) ≤ (t+ 1)3

(s+ 1)3
Ψ(s) for t ≤ s

or equivalently (8.2) is satisfied.

Similarly, if t > 0 and s ∈ [0, t) the rescaled deformations

u(x, s, λ) :=

{
1−t
1−sus(

1−s
1−tx + s−t

1−te, λ)− λ s−t1−se, if |x + s−t
1−se| ≤ 1−t

1−s ,
λx, otherwise

can be used to show that

Ψ(t) ≤ (1− t)3

(1− s)3
Ψ(s) for s ≤ t

or equivalently (8.3) is satisfied.
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9. Appendix

In this section we prove the following result

Theorem 9.1. Let W ∈ C2(Mn×n
+ ;R) be an isotropic, frame indifferent, stored energy

function and let λ > 0. Define

C = A(λI), A(F) =
∂2W

∂F2
(F).

Then there are real constants a, b, and c such that

C[H] = aH + bHT + c(trH)I (9.1)

for all H ∈Mn×n. Moreover, C satisfies the strong ellipticity condition

m⊗ n : C[m⊗ n] > 0,

for all m,n ∈ Rn with m 6= 0 and n 6= 0, if and only if

a > 0 and a+ b+ c > 0.

The proof of the theorem uses the following well-known result (see, e.g. [7]).

Proposition 9.2. Let Symn×n denote those n×n matrices that are symmetric and suppose

that B : Symn×n → Symn×n is a linear function that is symmetric, viz

E : B[F] = F : B[E] for all E,F ∈ Symn×n

and isotropic, viz

B[QEQT ] = QB[E]QT for all E ∈ Symn×n, Q ∈ SO(n),

the special orthogonal matrices (QTQ = QQT = I, det Q = 1). Then there are real constants

ν and µ such that

B[E] = 2µE + ν(tr E)I for all E ∈ Symn×n.

Proof of Theorem 9.1 (cf. [4]). From the frame indifference and isotropy of W we have, re-

spectively,

W (F) = W (QF), W (F) = W (FQT ) (9.2)
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for all F ∈Mn×n
+ and Q ∈ SO(n). If we differentiate (9.2), with respect to F, in the direction

H ∈Mn×n we find that

S(F) : H = S(QF) : QH, S(F) : H = S(FQT ) : HQT

and hence that

S(QF) = QS(F), S(FQT ) = S(F)QT (9.3)

for all F ∈Mn×n
+ and Q ∈ SO(n), where

S(F) =
∂W

∂F
(F).

If we then differentiate (9.3), with respect to F, in the direction H ∈Mn×n we discover that

A(QF)[QH] = QA(F)[H], A(FQT )[HQT ] = A(F)[H]QT

and, consequently, if we combine these equations and set F = λI we conclude that

C[QHQT ] = QC[H]QT for all H ∈Mn×n , Q ∈ SO(n). (9.4)

Next, let W be a skew-symmetric n×n matrix and let Q(t) be the one-parameter family

of special orthogonal matrices that satisfies

Q′(t) = d
dtQ(t) = WQ(t), Q(0) = 0, and hence Q′(0) = W. (9.5)

Then, if we set Q = Q(t) in (9.2)1, differentiate with respect to t, and take t = 0 we find,

with the aid of (9.5), that S(F)FT : W = 0 for every such W. Consequently,

S(F)FT ∈ Symn×n (9.6)

and hence, differentiating with respect to F in the direction H ∈Mn×n ,

A(F)[H]FT + S(F)HT ∈ Symn×n. (9.7)

Similarly, if we set Q = Q(t) in (9.3)1, differentiate with respect to t, and take t = 0 we

find, with the aid of (9.5), that

A(F)[WF] = WS(F). (9.8)

We note that, by (9.2), S(λI) = S(λQQT ) = QS(λI)QT ; thus S(λI) commutes with

every element of SO(n). Moreover, by (9.6), S(λI) ∈ Symn×n. A standard result from linear

algebra then yields a real scalar p such that

S(λI) = pI. (9.9)
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Therefore, if we set F = λI in (9.7) and (9.8) we conclude, with the aid of (9.9), that

C[H] + p
λHT ∈ Symn×n for all H ∈Mn×n,

C[W] = pW for all skew-symmetric W ∈Mn×n ,
(9.10)

respectively.

Now define B : Symn×n →Mn×n by

B[E] = C[E] + p
λE.

Then, by (9.10)1, the range of B is contained in Symn×n; equation (9.4) can be used to show

that B isotropic; and, the fact that C is the second derivative of W implies that it and hence

B is symmetric. Therefore, by Proposition 9.2, the are real constants µ and ν such that

C[E] + p
λE = 2µE + ν(tr E)I for every E ∈ Symn×n. (9.11)

Thus, given any H ∈ Mn×n , H = 1
2(H −HT ) + 1

2(H + HT ), where the first term is skew-

symmetric and the second term is symmetric, and consequently, by (9.10)2, (9.11), and the

linearity of C

C[H] = 1
2C[H−HT ] + 1

2C[H + HT ]

= p
2(H−HT ) + (µ− p

2λ)(H + HT ) + ν(tr H)I,

which implies the claimed representation (9.1) for the elasticity tensor C.

Finally, we establish the restrictions on the coefficients a, b, c for strong ellipticity. Sup-

pose that (9.1) holds, then on setting H = m⊗ n 6= 0 in (9.1) we obtain

m⊗ n :C[m⊗ n] = a|m|2|n|2 + (b+ c)(m ·n)2. (9.12)

If we set m ·n = 0 in (9.12) we obtain

a|m|2|n|2 > 0

and hence a > 0. Next, setting m = n in (9.12) we obtain

(a+ b+ c)|m|4 > 0

and hence a+b+c > 0. The converse implication follows easily from (9.12) and the Cauchy-

Schwarz inequality.



The Optimal Location of Singularities in Elasticity 35

References

[1] J.M. BALL, Discontinuous equilibrium solutions and cavitation in nonlinear elasticity,

Phil. Trans. Roy. Soc. London, A306, (1982), 557-611.

[2] J.M. BALL, Minimisers and the Euler-Lagrange equations, Trends and applications of

pure mathematics to mechanics (P.G. Ciarlet and M. Roseau, editors), Springer-Verlag,

pp. 1-4, 1984.

[3] P. BAUMANN, N.C. OWEN and D. PHILLIPS, Maximum principles and apriori es-

timates for a class of problems from nonlinear elasticity, Ann. Inst. H. Poincaré-Anal.
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